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A Proof of the Central Limit
Theorem (Optional)

‘ n
Self ol Aoll . ! . t t
We will sketch a proof of the central limit theorem for the case in which the moment- my, (1) = my 7. (_/__) . [mz, (_ )] .
generating functions exist for the random variables in the sample. The proof depends i v

upon a fundamental result of probability theory, which cannot be proved here but that By Taylor's theorem, with remainder (see your Calculus 11 text)
is stated in Theorem 7.5. -

" [
mz, (1) =mz(0) + rrx:,:(())t + m,,(&')—_,— : where 0 < & < 1,

THEOREM 7.5 Let Y and Yy, Y5, Ya, ... be random variables with moment-gencrating func- and because myz, (0) = E(*%) = E(1) = 1. and '"J/l(()) = R(Z) =0,
tions m(t) and m (1), m»(r) ma(t), ..., respectively. If " (E)

m .
mz (1) =1+ +l“. where 0 < &

-

lim m,(t) = m(1) for all real ¢,
R=>00

then the distribution function of ¥, converges to the distribution function of ¥ Iherefore,

= ”r 5 \ 2 n
asn — 00. ® l¢ml’(sﬂ)( t )
my, ' et |
2 Jn

We now give the proof of the central limit thcorem, Theorem 7.4. X =
m'y (Ea)17/2 f
=14 ————] , where 0 < &, < —=.
n Jn

Y - u
o

E(Z})1?/2 = * /2 because E(Z}) = V(Z;) = 1. Recall that if

- ) Notice that as n — o0, & — 0 and ’"'l)’r,‘ )t /" —> my (())r 2/2

ﬁ<

b \"
N . - b
1 L"' Yi —np 0 A, Y — u lim b, =b then lim (l +- —) =€ .

=1 e v : y P, n—»00 o n

= = )-_ ﬁLz,. where Z; = ——.
=] -
Finally,
Because lhc random variables Y;’s are independent and identically distributed, -
Lisi=1,2..., n, arc independent, and identically distributed with E(Z;) = i i l m'y (E)1°/2 2
m my; (7)) = hm t+ —| =
0 and V(Z,) = 1. RSB0 AN
Since the moment-generating function of the sum of independent random

variables is the product of their individual moment-generating functions, the moment-generating function for a standard normal random variable. Apply-
ing Theorem 7.5, we conclude that U, has a distribution function that converges
to the distribution function of the standard normal random variable.

n

myz, (1) =mz (1) x mz,(t) x --- x mz, (1) = [mz, (D]




T 53 2 MR 516 B










TeamWork

— ~ «G#‘BJ‘, ﬁg/é

BERNEEEG  BEEAL L G T

Bl F2 FensiE s R ibiTs ?ﬁ By 58 4 € & REA K7 ko
e VB Y BB S R L 0 B RE 4 5 B Ea N EH A B HIl i
HEY LR

SRR A A P 27 E o 3 WA e
s nBY L ivdes o %,gy{iﬁgﬁ%%§$k§i§?$mo

13



WA .31 % shiny RISk( 34
. PHE 60 A » ZHE 66 A

EHBERFTH  EFBERTHE > BRTHERGSHRS

LR AEE

0430 Sampling Distributions(3)

ABER

» T R R

BAEN (AP ) A KEFES

» F F\fai‘:ﬂ"é‘?

14

i)



It can be shown (see Exercise 1.9) that

L

E [i”'f ‘?’:} =E (i Vfl) —nET) =Y E(v) —nET).
i=l P |

Motice that E(¥?) is the same fori = 1,2, ..., n. We use this and the fact that the
variance of a random variable is given by V(Y ) = E{ ¥%) — [E(Y)]* to conclude that
EY) =V +IEX)P =+ p2 EFT ) = VD +EMF =o/n+
and that

! — 3 . 7 q al 7
E |:Zj:¢}'l. — ‘.r’:n':| = Z[{F_— wi—n (T +;:‘)

-

. - ot
=nm'+,u':—n(——u'
. N

ol i . ol
=no" —ag- =(n— lioc”.

I <= 20
ybar <- matrix(0,m,r)
for(j in 1:1r){
for{i in l:m){
xbar[i] <- mean(rbinom(sample.size[i], size=10, prob=0.3))/10

ybar[,j] <- xbar
}
yhar

plot(sample.size, vbar[,1], xlab="Number of observations, n",
ylab="gample mean", main="Law of Large Numbers",
type="1", col="red", lwd=1.5)

for(j in 2:50){
lineg(sample.gize, wbar[,j], col = 2)

1
abline(h = 0.3, col="blue")

B Exp(5) i Bn @74

1. FEn=5, 50, 500, 50008 , R@MER2MHE -
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BA&itTE2E2H LetY,, Yz ..., Y&dcnntc independent continuous random variables.
e denote the ordered random variables Y by Y13, Y23, --- » ¥ (n), where

(1) 5 Y{z} 5 - é Y{n}.

Ve &t E 2 8 F 5B RE 9000 = “[F - [1 = F(y) - f(n) swhere —oo <y, < o0

(k= 1) [n ke

Bt SRS B 2 M R R B

= [FY ™ - [F G = Fvpd]

k—1—j

Feinao 0. ¥ = (=2 )0 (e 0 (e} S[1 = Flyed]™ % - F;) - f(vie) owhere —oo < ¥; <y < 00

#]A LetY:, Yz ..., Ys be independent, standard normally distributed random wvariables

with mean = 0, variance = 1.
| il - .
_ _

(H]

Fl) = e wwhere —oo < y = oo Flyvl=1- = e = ,where —oo <y < oo
(1)Find the density function of Ym
5! ‘-‘r" 1 |
9= 15 |1~ > Ve €7 'ﬁ' s where —co <y, <o

(2)Find the joint density function of Yz, and Y4,

C ) L — —¥i ‘}a —¥3 i S —¥i
] = - - 2 — g oz -
H[Z}["‘") }2-’.} 181811 "IE;T'J"-I- 1'- 1,'21"-_1-‘_ '\,2 N I
svhere —oo = y, <y, < oo

. A3t H P ]

(3):;:.33 2B R PAIFER

r : I.:ttr1x o, _I:I'J:l 5)

for(d 4n 1: Lﬂ'l:-:l M{D.1)

Fli,] = sertirmore(5 0,11}
- an e i LRt

plot{density(r[,1]1), xTim = c{-%.5), ylim = (0,1}, madn = "W(D,13"] = L L

Tines (density(r[,213, col = 2) = i 1, =3

lines(density(r,3]1), col = 3; E ||'

Tnes(densitylrl, 410, <8l = A & -

Vires (densiny(r(,510, -:n'l . E' /

namg = C{"wlL)" :l. 23%,. "u{i) x4} '1[5]"' N "_5“‘5 \_\

Tegernd(locatesr( 1 na.nl Fi11 =e . 2 i B}, nool = 2, cex = 0.8) = e A o,

# -5 r : -4 -! |:. 2 5
Tibrary (mosaic)
Tibrary (manipulate)
w=r[,2]

t=r[,4]
plotFun{factorial (5)*x*(t-x)"(1-t)~t&x,t. Tim=range {0, x)

X Tim=range(x,1l),surface=TRUE . main = "N{O,L)30 @l G5 MO0 frifiss 5+ m™)

(4) BAR-shiny £ .= #£ P> (http://127.0.0.1:5145)

Tibrary (shiry
ol Tluidrags

M= 1000 Bandwigth = 01525

Hﬂbvl_arwt HID1)
1 cabarfanes | (FE 0 .
chackboxEnpet {“=1”, “=(1}", walus RUED , E = =24
erachbaxEnpet (“x2”, “=(1}7, valus FALSE) ,
crmckBonEnper ("x1", “uI}7. values FALSE] [=F
chacuboxEnpeT [TedT, “w(E}7 . valus - =
crackboxEnpet [“x5 7, “=(3}°, valus A a e
mairPans] - i
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FE T L Tuncrion(TASIT. OWTPWT - § s
r s matris(0.L000, 5 B b { T
fnr1 in 110007 § - | I LW
i. sort{rnorm($,5,1 i ¥
wlpul =l randarrloe F H
plocidensivy{r[ 110, xlim = ¢[-5,5), ylim = (0,00, main TWOE,1DT, Ty a4 A M
AFinpet Exl reLEl Tines{dengityir[.2]1. ool 1 .
if{inpatix €3 Vinssidensityir[,2]}. ool = 2 A % "
AF{inputixd TR} Ninea{denadty(r[,3]), ol L] = — e e S
A inper Sl Teor) Tirms{dansityir [ 4]). ol = 4 r T
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5148 4 IR Y R L Adaptive design
I p e AR 2 ( Optimal design )
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Give a man a fish, and you feed him for a day;

teach him how to fish, and you feed him for a lifetime.
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